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We propose an original model of human capital investments after leav-
ing school in which individuals differ in their initial human capital ob-
tained at school, their rates of return and costs of human capital in-
vestments, and their terminal values of human capital at an arbitrary
date in the future. We derive a tractable reduced-form Mincerian model
oflog earnings profiles along the life cycle that is written as a linear factor
model in which levels, growth, and curvature of earnings profiles are
individual specific. This provides a structural interpretation of results
obtained in the empirical literature on the dynamics of earnings and
acknowledges its limitations.

I. Introduction

Since the seminal work of Friedman and Kuznets (1945), a large empir-
ical literature studying earnings dynamics has emerged (Meghir and
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Pistaferri 2010). Landmark articles such as Lillard and Willis (1978),
Hause (1980), or MaCurdy (1982) introduced parsimonious statistical
representations of earnings processes to assess the relative empirical im-
portance of permanent and transitory components using panel data of
earnings. The reason for this decomposition builds on the observation
that permanent changes in earnings have a greater impact on individual
welfare than transitory ones (Blundell 2014). However, not much atten-
tion is devoted to its economic underpinnings and how economically in-
terpretable permanent differences between individuals may contribute
to explain earnings dispersion and its evolution over the life cycle.
Another more structural strand of the literature focuses on the estima-
tion of human capital investment models derived from Ben-Porath (1967).
In particular, this model provides a rationale for earnings equations a la
Mincer at the price of certain approximations and an ad hoc linear as-
sumption on the decline of the investment rate with experience. These
equations are widely used by labor economists to account for the effect
of education and experience on earnings over the life cycle. Their most
standard specification takes the form of the logarithm of earnings being
written as a quadratic function of experience to capture the curvature of
earnings profiles. Education affects the level of earnings and does not in-
teract directly with experience. This specification has been very successful
because of its simplicity and its ability to account for the main empirical
features of earnings profiles in many different contexts (Polachek 2008).
In this paper, we propose a post-schooling human capital investment
model inspired by Ben-Porath (1967), which results in a linear factor model
for life cycle profiles of individual earnings as those pioneered by Hause
(1980), Carneiro, Hansen, and Heckman (2003), or Aakvik, Heckman,
and Vytlacil (2005). Our baseline factor model of earnings has three factors
constituting a level term, a linear trend, and an exponential term that cap-
tures the curvature of earnings profiles. Interestingly, associated factor load-
ings are functions of four individual-specific parameters that have an eco-
nomic interpretation. First, agents differ in their returns to investments;
that is, some are more productive in transforming invested time in produc-
tive skills. Second, we assume that the marginal utility cost of invested time is
heterogeneous within the population. Third, we allow the terminal value of
human capital to vary across individuals and infer from the curvature of the
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earnings profile the implicit horizon of investment that agents consider.
This follows Lillard and Reville (1999), who insist on this crucial aspect
of earnings dynamics. Finally, initial human capital levels when agents enter
the labor market are taken as given.

In a sense, we are extending to post-schooling investments described
by Mincer (1974) what was developed some time ago for schooling invest-
ments in human capital (see the surveys by Card [2001] and Heckman,
Lochner, and Todd [2006]). Moreover, while schooling is viewed as a
limit case of our setup, working full-time is possible in contrast to the Ben-
Porath model. Investments in human capital can stop well before the termi-
nal period, and this justifies in an exact way the flat spot condition under
which human capital prices can be estimated (Heckman, Lochner, and
Taber 1998; Bowlus and Robinson 2012).

The linear factor representation that we propose is appealing for the
following reasons. First, it provides a bridge between structural models
of human capital investments and models of earnings dynamics. It sheds
light on the structural interpretation of specifications used in the litera-
ture on the dynamics of earnings (see Meghir and Pistaferri [2010] for a
survey) such as the heterogeneous income processes and restricted in-
come profiles examined by Baker (1997) or Guvenen (2009). Our model
encompasses both of them and unravels their underlying restrictions on
the heterogeneity of structural parameters.

Second, the linear representation makes clearer the conditions for pa-
rameter identification that is difficult to prove in more complicated mod-
els in which parametric specifications are often assumed in order to make
the estimation tractable. Specifically, using panel data on earnings only,
one structural parameter, namely the terminal value of human capital, is
pointidentified while the others are partially identified only. Additional
data allow all structural parameters to be identified.

Third, the estimation of this structural model is simpler than alternatives
such as the nonlinear earnings equation estimated by Polachek, Das, and
Thamma-Apiroam (2015), in which nonlinearities and the ensuing inci-
dental parameter issue are difficult to deal with. Our linear setup is also
fully compatible with the view that human capital stocks are perfectly sub-
stitutable within education or skill groups while they are imperfect substi-
tutes between groups as discussed in Browning, Hansen, and Heckman
(1999). Finally, the analytical expressions of the earnings equation and
investment profiles are very convenient in structural estimation.

Adopting a highly stylized human capital model comes at the price of
simplifying other elements. We treat search and job mobility as frictions
under the form of exogenous shocks (see, e.g., Postel-Vinay and Turon
2010) that contribute to the transitory part of the income process. We
neglect nonproportional taxes and we adopt a partial equilibrium setup
in contrast with Heckman et al. (1998). These authors were among the
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first to estimate a human capital investment model at school and later in
life in a dynamic and stochastic general equilibrium setup that allows the
effect of skill-biased technical change on inequality to be estimated. Guve-
nen and Kuruscu (2012) analyze as well an equilibrium setup with hetero-
geneous agents investing in human capital. Huggett, Ventura, and Yaron
(2011) use such a microeconomic model calibrated with Panel Study of In-
come Dynamics data to decompose inequality into their long-run individ-
ual determinants and short-run shocks. In these papers, unobserved het-
erogeneity in the human capital production technology needs to be much
more restricted than in our approach.

Moreover, individual-specific parameters are assumed to be known by the
agents in contrast to the studies of Cunha, Heckman, and Navarro (2005)
or Guvenen (2007). From an empirical perspective, some reduced-form
specifications, such as that of Browning, Erjnaes, and Alvarez (2012), are
richer in terms of heterogeneity because they also estimate other charac-
teristics of the earnings distribution. Polachek et al. (2015) derive a nonlin-
ear approximation obtained by the truncation of a series from Haley’s
(1976) human capital investment model. Their parameters are individual
specific, and they describe these heterogeneity terms as functions of cog-
nitive ability, personality traits, and family background.

Another restriction of our baseline framework is that the linear factor
representation of the earnings equation is obtained by assuming away con-
sumption smoothing or labor supply flexibility. We provide a more elabo-
rate structural model in which consumption is smoothed at the price of the
linear factor model representation that can no longer be justified. Further-
more, we prove thatallowing the two channels of intertemporal smoothing
through human and financial capital to be opened would intertwine hu-
man capital investments and current and future savings, and the level of
savings would affect the earnings equation. On the basis of this enriched
framework, we provide estimating equations for earnings and consump-
tion when richer data are available.

In the nextsection, we present the model of human capital accumulation
and derive the predicted life cycle profile of earnings. In Section III, we
state the economic and econometric restrictions that yield a linear factor
model of life cycle earnings and we analyze the identification conditions.
Section IV extends this analysis with richer data and in particular earnings
and consumption panel data. Section V presents conclusions.

II. The Model

We present an original model of human capital investment in discrete
time sharing common features with Ben-Porath (1967) but not all. Spe-
cifically, we characterize the optimal sequence of post-schooling human
capital investments over the life cycle of agents who maximize their utility
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over their lifetime. Agents start with an individual-specific level of human
capital obtained at school and have individual-specific costs, individual-
specific rates of return for investments, and individual-specific terminal
values of human capital stocks. Our structural assumptions on the deci-
sion problem lead to a closed-form solution for the life cycle profile of
earnings whose dynamics depend on individual-specific abilities to earn
and to learn (Browning et al. 1999).

A, The Setup

Individuals enter the labor market at period ¢ = 1, and time and poten-
tial experience are confounded. Schooling and the entry decision in the
labor market are considered as given. We follow Heckman et al. (1998)
by assuming that the post-schooling human capital production process
differs from the one affecting school investments, although both are in-
terdependent. Schooling as the main element of previous human capital
accumulation and as a determinant of labor market entry is likely to be cor-
related with individual-specific characteristics affecting post-schooling in-
vestments in human capital.

From period 1 onward, agents can acquire human capital by devoting
time or effort to training. Human capital is assumed to be of one type
only, skills are general, and costs are borne by the workers. Labor supply
is inelastic, and potential individual earnings, y/'(¢), is the product of the
individual-specific stock of human capital, H;(?), by its individual-specific
price, exp(8,(¢)), which yields y/(¢) = exp(6,(¢))H;(¢). Individuals face
uncertainty through the variability of human capital (log) prices 6,(¢), which
are mainly affected by aggregate shocks but also by individual ones when
there are frictions (e.g., search, information asymmetry, or learning as
in Rubinstein and Weiss [2006]). Firms might temporarily value individual-
specific human capital in a way that differs from the market in order to at-
tract, retain, or discourage specific individuals, or because information is
imperfect. The human capital (log) price, 6,(7), is a realization of a stochas-
tic process and is fully revealed at period ¢ to the agent. We do not provide
a market analysis of the wage equilibrium process and take it as given (in
terms of its distribution).

Current individual earnings are assumed to be given by

yi(t) = exp(8:(¢)) Hi(t) exp(—i(1)), (1)

in which 1 — exp(—7(t)) can be interpreted as the fraction of working
time or, alternatively, the fraction of working effort, devoted to investing
in human capital. This fraction is increasing in 7,(¢), equal to zero when

' We defer the presentation of the stochastic properties of random processes until Sec. ITI
and of their statistical properties until Sec. IIL.B.
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7,(t) = 0, and equal to one when 7;(¢) = +oo; in this sense, full-time
learning is a limit case. We call 7,(¢) > 0 the level of investment in human
capital at time 7.

The technology of production of human capital is described by

Hi(t + 1) = H(¢) explo.i(t) — N(2)], (2)

in which H;(t) is the stock of human capital, p; is the individual-specific
rate of return of human capital investments, and A;(¢) is the depreciation of
human capital in period . Depreciation \,(¢) embeds individual-specific
or aggregate shocks that depreciate previous vintages of human capital.
Individual-specific shocks can be negative because of unemployment pe-
riods or of layoffs followed by mobility across sectors. These shocks can
also be positive when certain components of human capital acquire more
value because of voluntary moves across firms or sectors. As the (log)
price 6,(t), the variable A,(¢) is assumed to be revealed at period ¢ to the
agent, and we treat the distribution of \,(?) as given.

The human capital technology differs from that of Ben-Porath (1967)
in two ways. First, returns p; to investments are constant in the level of
human capital, H;({).> Second and more importantly, agents could stop
investing in human capital before the end of the horizon in contrast to
Ben-Porath’s study, in which full-time working is a limit case. Indeed in
that paper, returns to investments 7,(¢) are equal to +o at 7;(¢) = 0 and
investments are by consequence never equal to zero. Another conse-
quence is that the last marginal unit of investment today is infinitely less
productive than the first marginal unit of investment tomorrow. Equal-
izing marginal productivities of investments today and tomorrow is what
uniquely determines investments.

Our model relies on a different rationale. Investments are as produc-
tive today and tomorrow, and the agent decides to stop investing or learn-
ing today because effort is costly in utility terms, as specified below. Agents
can stop investing before the end of the horizon because costs are too high,
and this justifies in an exact way the notion of “flat spots” that Heckman
etal. (1998) have proposed as an approximation in an otherwise standard
Ben-Porath model. Further considerations on the importance of flat spots
for identification are discussed in Section IT1.B.

The nextstep is to formulate a utility flow and the way individuals move
assets across time. In order to generate the popular log-linear specifica-
tion for the earnings equation (e.g., Mincer 1974), we assume that period
¢ utility is equal to current log earnings net of investment costs and that
there is no consumption smoothing over time. We investigate the conse-

* The proof that an extension to nonconstant returns leads to a more general factor
model is presented in Magnac, Pistolesi, and Roux (2013).
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quences of dropping the latter assumption in Section ILD. Period ¢ utility
is written as

7,(1)*

2

in which the cost of investment in utility terms is individual specific and
quadratic. We neglect the linear component of the cost in terms of 7,(¢)
because it cannot be identified as current log earnings are derived from
equation (1):

lnyl(t> - (;

Iny;(¢) = 6:(¢) + InHi(¢t) — 7:(¢),

and the unitin which 7,(?) is expressed is unobserved. Increasing marginal
costs fits well with the interpretation of 7,(¢) as an exerted effort that de-
creases current earnings and provides future returns. This is what makes
unique the solution 7,(¢) in the dynamic programming.

The decision program of individuals maximizing their discounted ex-
pected utility stream over the present and future is given by the following
Bellman equation:

ViCHL(1), 7,(0)) = 8,(1) + InFL(1) - W e ] (3)

+ BE[We (Hi(1 + 1)),
in which B, is the individual-specific discount rate and

7,(t+

The terminal condition of this decision program could be written by
specifying an individual-specific date at which investing in human capital
stops as in Ben-Porath (1967). We proceed differently by using the dual
formulation that the value of human capital stocks at an arbitrary date in
the future is individual specific.® This specification avoids the “regression
to the mean” emphasized by Huggett et al. (2011) that would make in-
dividual profiles closer and closer at the end of the working life.

Specifically, the value function at the future date 7"+ 1 or the dis-
counted value of utility stream from 7"+ 1 onward is written as

Wea(H(T + 1)) = 6 + k, InH,(T + 1). (4)

In this expression, k; can be interpreted as the capitalized value of one
consumption unit over the remaining periods of life after 7'+ 1 and

K = 1+ Birro[l + Birses(1 + )],

* This could be the last date of observation in an empirical analysis.
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in which discount rates 3, vary with period ¢ and embody heterogeneous
survival probabilities after 7"+ 1. If we assume that discount factors
Biisr1 < B, for example, B, 741 = B Pr(Survival at ¢), then for all 4,
1

Kk, < T (5)
This suggests that a general interpretation of period 7'+ 1 is as a separat-
ing date between a span of periods before 7T in which the probability of
survival is equal to one and a span of periods after 7+ 1 in which the sur-
vival probability is less than one. As human capital investments are em-
bodied, a smaller discount rate is a source of decreasing returns to invest-
ment as the original argument by Mincer put it, and this explains the
concavity of earnings profiles.

In summary, investments are driven by individual-specific parameters
describing abilities of agents to earn and to learn. The initial human cap-
ital level at time ¢ = 1 is an ability to earn parameter while returns to in-
vestments, p;, and costs of learning, ¢; describe the ability to learn since
both affect the accumulation of human capital. Parameter «; is the im-
plicit value that individuals place on human capital at horizon 7 and,
as such, can also be considered as an ability to earn parameter, although
such an interpretation is less straightforward.

B.  Investment Profiles

As time ¢ denotes the time elapsed since labor market entry or potential

experience, we call the sequence of investments between ¢t =1and t= T

a life cycle profile of investments. When human capital investments are

always positive, this profile is summarized in the following proposition.
ProrosITION 1.  Suppose that

Bipik; > 1. (6)

_ 1 Bi T+1-t _ 1 _
7,(t) = Z {Pi |:1 - + 6, (Ki 13 6,>:| ]} >0 (7

forall t< T

Proof.  See Section A in the appendix.

Equation (7) expresses the well-known result that human capital in-
vestments decrease with time. The term in 3; ' indeed means that it is al-
ways better to invest earlier than later because the horizon over which
investments are valuable is becoming shorter and shorter (Becker 1964;
Mincer 1974; Lillard and Reville 1999). This is the negative value of k; —
[1/(1 = B;)] (condition [5]) thatcommands the intensity of the decrease.

Then
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In addition, levels of investments increase with returns, p; and decrease
with costs, c.

Condition (6) ensures that investments in human capital are positive
until period 7. Nonetheless, investments could stop before period 7. Be-
cause investments are decreasing, the absence of investments in a period ¢,
7;(t) = 0, means that no investments would take place later on, 7,(¢) =
0 for all ¢ > ¢. In consequence, we can proceed backward and analyze the
conditions under which human capital investments stop before the last
period.

ProrosITION 2. There exists an optimal stopping period for human
capital investments denoted 7; € {1,.., T + 1} such that for all ¢ > T},
i< T, 7,(t) = 0,and 7,(7; — 1) > 0, if and only if

1 1
<Bp; < s (8)

KiT, Ki 1,41

where k.1 = k; and k; = 1 + B;k; .y for all ¢ < T (and by convention
1/k;irve = +oo and 1/k;; = 0). Additionally, for all 1 <¢< T, < T + 1,
investments are given by

— 1 67 T—t _ 1 _
i(t) = Z_{Pi[l iy + B; (Ki,'l‘, = Bz):| 1} >0 Vi<T. (9

Proof.  See Section B of the appendix.
Even if life cycle investments can stop at period 7; < T + 1, the shape

of the profile before this period remains similar. This proposition also
shows that with information about the stopping time of human capital
investments, we could tie in this information with parameters p; and «..
The cost parameter, ¢, does not affect the duration of investments but
their level only. This is a strong prediction of our setup because costs
do not depend on human capital stocks.

C. The Life Cycle Profile of Earnings

We deduce from the investment profile the life cycle profile of earnings.
ProrosiTiON 3. If T;is the optimal stopping period defined in prop-
osition 2, log earnings are

1ny,-(t) =na T il + 71;36;’ + vy if t<T, (10)

Iny(¢t) = Iny(T3) + vy — v, if ¢ 27T, (11)

in which

B T+2
i 1 i pi +1 B:
N :lnI—Ii(l)_C'<K1—1_B‘>1_6‘_ - <pi1_5‘_1>’ (12)
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_P? B _ P
¢1l—0; Ci’

_ Pi 5141 o 1 B _
Nis = ; i <Ki 1— Bz) <pi1 — B, 1>, (14)

Uy = 6i(t) - )\i(l) = 5/(0 - Ai(t)' (15)

(13)

Proof. See Section C of the appendix.

Proposition 3 shows that the life cycle profile of earnings can be de-
composed sequentially into a first span of periods in which human cap-
ital investments are positive and the earnings equation (10) has a nonlin-
ear factor structure and a second span of periods in which investments
stopped and earnings are a function of price and depreciation shocks
only.

During the first span of periods, earnings given by (10) are the sum of
a deterministic component and a stochastic one. The first component is
fully deterministic for the agent because it depends on individual-specific
parameters, 1., 7:, :3, B, and potential experience, ¢, only. Furthermore,
the reduced-form parameters 7,1, 7,2, and 7,;; are functions of the deep pa-
rameters H;(1), p, ¢, k, and B, First, the level of log earnings 7, is affected
one to one by the initial human capital stock, H;(1), with correction fac-
tors. Second, the individual-specific growth rate ;. depends positively on
the return p; and negatively on the cost ¢. Finally, parameter 7,; (which de-
pendsonk; — [1/(1 — B,)]) and the discount rate 8, control the degree of
curvature of the profile and the effect of the horizon of investment. The
closer to zero parameter 7;; is or the closer to one s, the less curved the
profile is.

The stochastic term v, in earnings equation (10) as defined in equa-
tion (15) is the (log) price of human capital, 6,(f) net of the cumulative
human capital (log) depreciations, A,(t) = ZiZ{\,({), since labor market
entry. We will refer to it thereafter as the net (log) price of human cap-
ital. Components (6,(¢), N\;(¢)) = ¢:(¢) are the sources of stochastic dynam-
ics that affect earnings. Not much structure is needed in the dynamic model
on these stochastic components except that they are not under the control
of the agent. The developments in this section and the proofs in the ap-
pendix are valid under general independence assumptions such as*

' We shall make additional technical assumptions such as E_;(|6;(¢)|) <o and
E,_,(]N(¢)]) < oo that make the dynamic program well defined. For the sake of readability
these standard assumptions are not fully stated here (see Stokey and Lucas 1989).
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In this sense, the derivations of the model above are robust to quite gen-
eral assumptions on the expectational side of the model as seen from the
proofs in the appendix.

D. Consumption Smoothing and Flexible Labor Supply

We now return to the assumption that consumption is not smoothed
over time using financial assets. Allowing for consumption smoothing
would open a second channel of intertemporal transfers through finan-
cial assets in addition to human capital accumulation. As shown in Sec-
tion D of the appendix, the investment equation (7) would include an
additional simple function of the savings rate. This is also true for the
induction equation determining the relative value of human capital «;.

ProrosiTiON 4. Denoting s;(¢) = [yi(t) — Ci(¢)]/y:(¢), the savings rate,
we have

7,(t) =

1
; |:Bipi’<it+l - 1_751(0:|,

in which the sequence (k)= 741 18 given by k71 = k; and

i

1
Ky = Ey |———— + Biki1 |-
1 - Si(t)

Proof.  See Section D of the appendix.

When current income is less (respectively greater) than consumption,
human capital investments would be larger (respectively smaller) than
in the absence of consumption smoothing holding the relative value
of human capital, «;, fixed. This illustrates the reaction of investments
to a change in their opportunity costs (Browning et al. 1999) and indi-
cates that in periods of low income (with respect to permanent income
as measured by consumption) investments are larger. If we now relax that
k;, is fixed, individuals who most of the time save (s;(¢) > 0 for all ¢ > ¢)
are also those for whom «; is larger holding the terminal value «; fixed.
Savings and human capital investments are unsurprisingly complements.

This investment equation can be used in an empirical application as
shown in Section IV. Allowing for consumption smoothing, however,
breaks the factor structure for earnings since we could not find any spec-
ification allowing for consumption smoothing and ensuring that the
earnings dynamics equation takes a linear factor format in experience
as shown in the next section. Our conjecture is that there does not exist
a dynamic model with financial and human capital accumulation that
would generate a log earnings equation of the type we find. In other
words, the micro-founded factor model for log earnings that we derive
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next and embeds most equations used in the literature about earnings
dynamics is not robust to the presence of consumption smoothing.

Flexible labor supply is another departure from this model that could
be entertained (Blinder and Weiss 1976). Here again, this would lead to
another policy function as in proposition 4, but the interaction in utility
between labor supply and investment, 7;(¢), would break the factor struc-
ture described in equation (10) that makes the results in the literature
on the dynamics of earnings interpretable. A fully heterogeneous model
integrating consumption, labor supply, and on-the-job learning extend-
ing Blundell et al. (2016) would also be much more involved.

We now return to the baseline setting in which consumption tracks in-
come exactly as could be justified by the evidence gathered by Thurow
(1969) or Caroll and Summers (1991), and we suppose that labor supply
is inflexible. Restrictive assumptions on the discount rate and on ran-
dom shocks are needed to end up with a linear factor model and to iden-
tify the parameters of the deterministic component in the earnings
equation (10). These are the issues that we analyze next.

III. Panel of Earnings: Restrictions
and Identification

In this section, we investigate how panel data on earnings used in the
empirical literature on earnings dynamics (e.g., Panel Study of Income
Dynamics, Social Security data, etc.; see Meghir and Pistaferri 2010) can
be exploited to identify reduced-form and structural parameters. With-
out loss of generality, we consider, as in the theoretical model, a single
cohort of agents who enter the labor market at the same time and face
the same economic environment since this analysis can be replicated for
every cohort.

We also assume that investments in human capital remain strictly pos-
itive all over the observation period from ¢ = 1to T (i.e., T' < T;) so that
earnings are given by equation (10). If this is not the case, the life cycle
profile of earnings would be the mixture of two different processes: (1) a
generalized heterogeneous growth model driven by human capital in-
vestments in periods before T and affected by the dynamics of human
capital prices net of depreciation and frictions (eq. [10]) and (2) a pro-
cess driven by the dynamics of human capital prices and frictions only
(eq. [11]). Identification would have to rely on specific distributional as-
sumptions about the deep structural parameters.

We first detail how equation (10) can be restricted to get a linear fac-
tor model of earnings dynamics. We also state identifying restrictions on
the random process of log prices of human capital net of its deprecia-
tion, v,, that would be needed for the identification of factor loadings.
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Furthermore, we derive the economic structural restrictions that bear on
factor loadings in the linear factor model and study the identification of
structural parameters. Finally, we review the implications of this setup for
extant models of earnings dynamics.

A. A Linear Factor Specification

In equation (10), log earnings are the sum of a deterministic component
and a stochastic component, and we start, in this subsection, by restrict-
ing the former component. This component is a nonlinear function of
experience ¢ and of parameters 1, 7, 75, and S

We could estimate these individual-specific parameters as in Polachek
et al. (2015) using orthogonality conditions for v, and nonlinear meth-
ods. We do not pursue this path here because we believe that the estima-
tion of such nonlinear expressions at the individual level is fragile and
sometimes difficult to achieve.’®

The robust estimation of individual discount rates requires more in-
formation from the data than the typical earnings data set can supply
(see, e.g., in an experimental setting, Andersen et al. [2008]) or requires
additional restrictions in an observational setup (see, e.g., Alan and
Browning 2010) or both (see Sec. IV). Indeed, the expression of the de-
terministic component of earnings in equation (10) could be approxi-
mated by a Taylor expansion of In 3; around its population average, de-
noted In 8:

Na + Nt + 0B + nutB,

in which 74 = —5s(In B, — In 8). Identification of 7., however, would
rely on the interaction between a linear trend and a curvature term
and is likely to be fragile. This is why we assume in the rest of the section
that the discount rate (3, is homogeneous.

Under this assumption and as long as human capital investments re-
main strictly positive, the (log) earnings equation (10) can be written as a
linear factor model,

Iny, = na + et + 1958~ + vy (16)

in which the three factors are f, = (1,¢8") and 74, 1s, and 7 are
individual-specific effects, or factor loadings, defined by setting 8, = 8 in
proposition 3.

* In particular, when the number of observations for each individual is limited. Polachek
etal. (2015) report that their estimation method did not converge for around 3 percent of
the individuals.
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The identifying restrictions on the stochastic component v, that would
allow the reduced-form factor loadings 7,1, 7,2, and 5,5 to be identified are
presented next.

B.  Human Capital Prices and Depreciation Rate

We specify statistical restrictions on the stochastic net (log) price of hu-
man capital v, in the earnings equation (10), and we propose guidelines
for the estimation of the reduced-form parameters of the linear factor
model using panel data on earnings. Because of the rich heterogeneity
that we allow for, we assume that the number of time periods over which
earnings are observed is large enough.

We first decompose v, into aggregate components and individual-
specific components. Namely, human capital stocks owned by specific
groups in the working population are assumed to be imperfect substi-
tutes in the aggregate production function of the economy while perfect
substitution holds within groups. This is a heterogeneous labor force set-
ting in which a general equilibrium analysis can be conducted in the
manner of Heckman etal. (1998) to analyze the effect of aggregate shocks,
a point we will return to in Section IV. Agents are grouped according to
skills, cohorts, and possibly other constant productive characteristics. Ag-
gregate components in v, can then be interpreted as market prices net
of depreciation for these types of human capital. In contrast, individual-
specific components are interpreted as individual-specific frictions or de-
preciations. The mechanisms that underlie the specific dynamics of aggre-
gate and individual-specific components are allowed to differ and are left
unrelated.

1. Aggregate Components

At the aggregate level of human capital groups, equation (16) can be lin-
early aggregated into

Iny, = N1 + Mot + 038" + vy (17)

in which g denotes a group of perfectly substitutable human capital
stocks, 14 = E(nali € g) for k=1, 2, or 3, and v, = E(v4|i € g). The
terms nq, k = 1, 2, 3, are the aggregate or mean factor loadings for indi-
viduals of group g The term v,, stands for the market log prices of hu-
man capital of group g at time ¢ since macro shocks in log prices, 6,(),
and depreciation, A,({), are its underlying components. There are no
constraints across groups in these dynamics, and they depend on the
supply of each group and the possibly changing aggregate production
function.
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Assume now that we can write

v.%'f = 7r§t + 8gl’

in which 7, is a measure of the net log price of human capital in group g
at time ¢ and g, is 2 measurement error such that

f=(1,14,87") =0. (18)

The availability of a set of prices of human capital, 7,, and condition
(18) provide the key restrictions that separate quantities from prices
of human capital. Specifically, Heckman et al. (1998) and Bowlus and
Robinson (2012) use a “flat spot” condition whereby 7, can be constructed
using a subsample of earners who have stopped investing in human cap-
ital. Those agents are observed over a window of periods close to the end
of their working life (around 50) at which investments have stopped so
that their earnings reflect net human capital prices only. The common
justification was that investments in Ben-Porath’s model are close to zero
at the end of the working life. In our setting, a thorough justification is
given by equation (11) that describes what the earnings process is after
human capital investments stop. There are other measures of 7, using
various earnings deflators, for instance, those based on a direct evalua-
tion of labor productivity of groups.

The identification of parameters in equation (17) then proceeds by
deflating aggregate log earnings by indices 7, and by using restriction
(18). Parameters 7,1, 1,2, and 1,3 can then be recovered by regressing de-
flated aggregate log earnings on the set of factors (1, ¢, 87/) in each

group.

E (eg,

2. Individual-Specific Components

Turning to the within-group dimension, we define centered individual
factor loadings by their deviations from their means, 9§, = 7; — 74, for
k=1,2, or3,and v, = v; — v,. The earnings equation becomes

wy = Inyy, — mﬂ =i + it + ’f)ftﬂeﬁ + v, (19)

in which w, is the deviation of individual log earnings from their group
averages (Iny,). Individual-specific deviations, v;, stand for frictions in a
model of search and mobility. Indeed what Postel-Vinay and Turon
(2010) nicely expositis that the dynamics of the earnings process is partly
controlled by two other processes, which are individual productivity in
the current match and outside offers that the agent receives while on
the job. In this setting, three things can happen: either earnings remain
in the band within the two bounds defined by these processes; earnings
are equal to the productivity process because adverse shocks on that pro-
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cess make employee and employer renegotiate the wage contract; or, al-
ternatively, labor earnings are equal to the outside offer in case the em-
ployee can either renegotiate with his employer or take the outside offer
if productivity is lower that the outside option.

We do not model these frictions and posit that they are mean indepen-
dent of factors and factor loadings:

E(vilfi = (1,4,87"),7i) = 0. (20)

Under this restriction, estimates of factor loadings can be recovered by
using equation (19) for each individual. It accommodates in particular
health shocks that affect depreciation at a random time.

Nonetheless, condition (20) requires that if the depreciation rate has
a fixed component, N\, because individual s specific skills depreciate
more rapidly, it has to be homogeneous within group g Otherwise, the
individual deviation of prices would exhibit a linear trend with a slope
equal to \; — A, since

Ai(1) = Ag(t) E()‘i - )‘g) = (>‘i - %g)(t - 1).

This would modify equation (13) relating the growth effect 7,, to the
structural parameters. However, it would not necessarily affect the linear-
ity of the factor model, but it would invalidate our structural interpreta-
tion of factor loadings in terms of returns, costs, and terminal values that
we pursue in the next subsection.

C. Testable Restrictions and Structural Deep Parameters

We consider from now on that the reduced-form factor loadings (1,1, 7,e,
7,3) are identified under the restrictions stated in the two previous sub-
sections. Their estimates are obtained by summing aggregate estimates
of 7,, derived in Section IIL.B.1, and individual centered estimates of
n¢, derived in Section II1.B.2.

The structural model imposes not only a linear factor structure on the
reduced form but also restrictions on these reduced-form factor load-
ings. Furthermore, we have assumed that investments in human capital
are positive until the last period of observation to get a linear factor rep-
resentation of the earnings profile:

7:(t)>0 forall ¢t < T, (21)

so that the econometric model is given by equation (16). This subsection
also shows that condition (21) is testable.

The nonlinear system of three equations (12), (13), and (14) have
four unknown deep parameters, In (1), p;, ¢;, and «;, that are by conse-
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quence underidentified although structural restrictions are binding.
First, there is no restriction on 7, since equation (12) is the only source
of identification of the level of initial human capital In H;(1). Second,
structural restrictions consist in statements about the terminal value «;
or about costs and returns, that is

Ki € |:O’ Ci > 05 Pi > O’ (22)

1
1- B]’
as well as condition (21). Their implications for the reduced form and
the identification of structural parameters are summarized in the follow-
ing proposition.

ProrosiTioN 5. Condition (21) and structural restrictions (22) im-
ply the following restrictions on the individual factor loadings 7,, and 71,5

s 6'1‘+1 :|
0>0 — |- ,01.
e N2 |: 1- B

Parameter «; is identified and

1 + B—('Hl) @
1-8 Ni2

Furthermore, parameters (p, ¢;) are partially identified in the sense that
there exist values (p¥, ¢/) such that

K; =

L f
piZpis GG,
and a one-to-one relationship
¢ = C(Pi:ni2)~

Proof.  See Section E of the appendix.

These results are intuitive. The growth parameter 7;, is positive be-
cause human capital investments are productive and the curvature term
1:5 1s negative because the horizon is finite and profiles are concave. It is
also this curvature relative to the growth term, and therefore the implicit
horizon over which investments are valued, that identifies the capitalized
value of future returns to human capital after period T+ 1.

One point is in order about the partial identification of parameters ¢;
and p;. Only a function of them is identified from the reduced-form pa-
rameters (19, 7). Yet, we do care about their separate identification be-
cause the two parameters have different economic consequences. In
some counterfactuals, the two parameters may have different impacts
so that the counterfactual effect is also partially identified. Nonetheless,
the availability of additional data on exogenously varying discount rates,
due to mortality for instance, achieves full identification as detailed in
Section IV.
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D. Implications for Earnings Dynamics

Our setup can deliver the well-known predictions of a human capital set-
ting (Ben-Porath 1967) when considered before the optimal stopping
period. Structural restrictions make earnings profiles increasing and
concave, and the latter reflects the shortening of the investment horizon.
Second, the variance of earnings is U-shaped along the life cycle because
high-return investors have a steeper earnings profile than low-return in-
dividuals experiencing a flatter profile and these profiles cross after a few
years (Mincer 1974). Third, because investments in human capital are
more intensive at the beginning of the life cycle for the high-return inves-
tors, the cross-section correlation, at the beginning of the life cycle, be-
tween earnings growth and level, is negative, although this correlation in-
creases along the life cycle and becomes positive (Rubinstein and Weiss
2006).

A brief comparison of our model with the empirical literature on earn-
ings dynamics is also useful. This literature aims at fitting the empirical
covariance structure of (log) earnings over the life cycle, thatis, u; in our
notation, using competing specifications like the one described as het-
erogeneous income profiles (HIP) or restricted income profiles (RIP;
Meghir and Pistaferri 2010). Up to now, there is no consensus in the lit-
erature about which specification fits the data best because tests have low
power (see Baker 1997; Guvenen 2007; Hryshko 2012). Our linear factor
structure embeds both models since the permanent component in-
cludes individual-specific levels and growth rates of earnings as HIP does,
and the stochastic component can be any mixture of permanent and
transitory shocks as in RIP.

This embedding shows how restrictive HIP and RIP models are in
terms of heterogeneity. On the one hand, RIP imposes that parameters
7 and 7 are homogeneous, which renders homogeneous the terminal
marginal value of human capital stocks using proposition 5. This prop-
osition also shows that RIP is also inconsistent with a model in which ei-
ther returns to human capital investments or costs are heterogeneous.
All the dynamic variation in RIP is given by the processes of prices and
depreciations at the individual level and thus is very restrictive in terms
of individual heterogeneity entering the structural model.

On the other hand, a curvature effect is absent in HIP, and this model
also implicitly imposes that the terminal marginal value of human capi-
tal stocks is homogeneous, x; = 1/(1 — ) under the very specific form
that all individual horizons are infinite. On top of these restrictions, our
three-factor structure might affect the key identifying assumption of HIP
versus RIP restricting the correlations between first differences of within
shocks (e.g., Blundell 2014) because of the presence of the geometric
term.
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In our setting, as long as investments in human capital are positive
(i.e., t < T;), both heterogeneous income profiles and general random
processes are present. Yet, as discussed previously, when human capital
investments stop, the model would no longer be a linear factor model
since the deterministic individual-specific terms vanish and RIP would
prevail. This requires modeling this structural break, and neither our es-
timation method presented in this section nor HIP or RIP deals satisfac-
torily with this issue.

IV. Identification Using Richer Data

In the previous section, we show that panel data on earnings are not in-
formative enough to point-identify parameters governing human capital
accumulation. This is why we extend the previous identification analysis
to cases in which additional data would be available. The first set consists
in having exogenously varying discount rates that permit point identifi-
cation of the rates of return, p, and costs, ¢. Furthermore, panel data on
earnings supplemented with consumption over a long period of time
would be key in relaxing the absence of consumption smoothing but
also in identifying heterogeneous discount rates. Finally, we detail the
type of aggregate data that would be needed to analyze the response to
aggregate shocks of earnings, employment, and consumption at the ag-
gregate level in one or several countries.

Varying discount rates—Additional data on mortality would allow one
to point-identify structural parameters p, and ¢. To make this point in
a simple way, split the life cycle from ¢ = 1 to T'into two subperiods from
t=1to T,and from 7; + 1 to T and assume that the mortality rate is
equal to zero in the first subperiod and to an observed constant m in
the second one. The discount rates in the two subperiods are, respectively,
equal to BY =B and ¥ = B(1 — m). Furthermore, under the restric-
tions of Section III and using linear factor models adapted to the differ-
ences in the discount rates, 3, the reduced-form parameters in each
subperiod, 1]51) and 1]52), are identified. Their relationships with structural
parameters are still given by equations (12)—(14), which should be ap-
propriately adapted to the existing differences in the terminal values
of human capital stocks, k; 71 and K; 1.

First, write equation (13) for the two subperiods as

n(l) _ (Pi)2 6(1) _ P, ) (Pi)2 6(2) i
2 = T -0 .

) 2

G 1 — B(l) Ci ¢ 11— 6(2) Z

s

and note that if 8 # 8% and both values are known, these two equa-
tions identify (0;)°/¢; and p;/¢; and therefore (p,, ¢;). Note also that the
relationship between parameters «; 7, and ;4 given by the induction
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equation stated in proposition 2 and their expression as a function of
the ratio between 7,5 and 7, given by proposition 5 becomes a testable
restriction.

This setting could be easily extended to an empirical model in which
mortality rates would evolve over time. Nonetheless, this presumes that
mortality rates are not individual specific and that discount rates are not
heterogeneous. This is the point we now turn to by showing that addi-
tional data on consumption would help in dealing with heterogeneous
discount factors.

Consumption and earnings data—Suppose now that the panel of earn-
ings is completed with data on consumption over the same time span.
We shall use the setting of Section II.D and the results of proposition 4
to derive estimating equations. There are three important consequences
for estimation. First, the earnings equation is no longer a linear factor
model, although the human capital investment equation of proposition 4
can now be used to derive a first-difference equation for log earnings
as a function of structural parameters. Second, values of human capital
stocks at each period, k;, are themselves functions of (observed) future
savings. Third, the Euler equation for consumption identifies the hetero-
geneous discount rate.

Section F in the appendix indeed shows the following proposition.

ProposiTION 6. If v, defined in equation (15) is such that
E,_Av,, = 0, the structural equations for earnings and consumption
are

Etfl [A logyl(t + 1)]

1 piBi(p; + 1)+ 1 pi +1
=—F- -
C; 1 - Si(t + 1) 1— si(t) (23)

FoBBo, 1) = )| S) ey 8]

1 1

L= =61+ (1)) == 24

emer] =80+ 5 (24)
These conditional moments restrictions can be transformed into estimat-

ing equations by using instruments in the information setat period t — 1 or ¢

such as past earnings and consumption levels.® Note that, in conjunction

with information on varying discount rates as above, these rich data allow

¢ A similar proposition would apply if E,-; was replaced with E,, with 4> 1 so that serial
correlation of a finite order in v, can be accommodated.
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the full set of heterogeneous coefficients to be pointidentified: rates of
return, costs, terminal values of human capital stocks, and discount rates.

If data on hours of work are available, introducing flexible labor sup-
ply in this framework in a simple way requires two conditions. First, there
should be no on-thejjob learning in the sense of Imai and Keane (2004),
which would add a third channel of intertemporal substitution. Second,
there should be no fixed costs of participation, and nonparticipation
should be governed by the same parameters as hours of work since with
fixed costs dynamic complications arise (Blundell, Magnac, and Meghir
1997). If these two conditions are satisfied, then the marginal rate of sub-
stitution between consumption and leisure is proportional to wages or
opportunity costs of time. The standard static model of labor supply
can be used provided that selection issues due to nonparticipation are
dealt with (Killingsworth 1984).

Aggregate data—Another direction for empirical research would be to
revisit the general equilibrium results of Heckman et al. (1998) using
this setup. Our developments in Section III can be readily adapted to
the case in which series of log earnings aggregated by skills are available
in one country or several countries. Complemented with data on em-
ployment, capital, savings, and aggregate production, production func-
tions could be estimated and their estimates could feed in a general
equilibrium analysis of the effect of aggregate shocks on human capital
investments. However, proposition 6 makes clear that the enriched model
is nonlinear,” and the delicate issue of aggregation would have to be solved
in this case.

V. Conclusion

In this paper, we propose a structural model of human capital invest-
ments that predicts that earnings profiles over at least part of the work-
ing life are given by a linear factor model in which factor loadings are
functions of structural parameters. This provides an economic interpre-
tation of parameters estimated in the literature on the dynamics of earn-
ings. We also provide identifying restrictions that allow factor loadings to
be estimated using panel data, and we analyze the identification of struc-
tural parameters. In a companion paper (Magnac, Pistolesi, and Roux
2014) we use a long panel on a single cohort of private-sector wage earn-
ers in France from 1977 to 2007 and we implement the analysis that we
detailed in Section IIIL.

Our model is versatile enough to accommodate consumption smooth-
ing. A linear factor model, however, cannot be easily justified if con-

7 Because of the interactions between individual coefficients and savings rates.
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sumption is smoothed or labor supply is flexible. This is why we provide a
complementary analysis when richer data are available and in particular
how point identification of key parameters can be achieved. Estimating
this model under these general conditions might help further under-
standing the role that human capital investments play in welfare inequal-
ities when measured using consumption profiles. Many other extensions
are worth exploring in future research. First, human capital investment
profiles seem to vary widely across different education groups. In partic-
ular, a pending conjecture would be that investments by the low-skill
group stop much earlier than those by the high-skill group. Second, it
would be interesting to extend this work to a multisector framework
in which human capital investments would have different rates of return.
This would allow for partial on-the-job learning by doing, which is absent
in this model.

Appendix
Proofs of Propositions and Extensions
A.  Proof of Proposition 1

The first-order condition of the maximization problem for t < 7"+ 1 is

1+ ani(0)] + B HL(t + l)E,[ OWee } ~0

oH,(t + 1) (Al)

The marginal value of human capital is the derivative of the Bellman equation so
that by the envelope theorem,

oW, 1 oW, } H(t+1)

TR O l[aH;u 1)) H©

(A2)

For t = T + 1, condition (A2) writes more simply as

6W1‘+1 K; 6W1‘+1
= (T +1)—— = &
o+ 1) HT D AT Vg T
so that, by backward induction, we obtain
oWy
H(T =1+ Bik;
i )6FL(T) Biki,
8W,v_1
(7= 1) g7y = 1 8.0+ Bi)

and so on. This yields

a”ﬁl 1- ;I;l T—t
(¢ + = + .
Ht UaHi(t T aop B

Replacing in equation (Al) yields
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1 1
1+ CiTi(t) = Bio;i {m + :817‘71<Ki - = )}

_ B e 1
_p{l_ﬁi—kﬁl (Kl 1_51‘)}’

and equation (7) follows. Furthermore, as the second term in (Al) is constant,
the second-order condition is satisfied if and only if ¢, > 0.

Furthermore, and given that ¢; > 0, the condition that investments are always
positive yields

Bi T+1-1 1

i + 0 i = —1>20 Vi<T+1.
P L - 61 6 8 1- Bi

Ask; — [1/(1 = B;)] <0andB; < 1, 7,(¢) is decreasing in ¢ because of the term 8;,

and the right-hand side attains its minimum at ¢ = 7. This yields condition (6)

since

1 1
pl{l €237+6’(K'_ 1 73,)] —120©p123mi-
QED

B.  Proof of Proposition 2
First, condition (8) is not empty since

1
1_,3;

1
Ky = 1+ Bikipe1 > Kije1 © Kipr < 1-8 S Kigro <
and by repetition

1
1-=8 ’

< K1 = K <

which is equation (5).
We proceed by backward induction. By proposition 1, we know that

7(T)>0 o

<Bip; = +o
Kir+1
(= 1/k;7+» by convention) and, under this latter condition, that equation (7)
and therefore equation (9) are satisfied for all ¢ < T.
By backward induction, assume that this property is true until period ¢ + 1 for
some t+ 1< T

Vi>t+2,{<T+1,7(/)=0and

1 (A3)

<Bip; < )
Kii+2 Kii+3

rn(t+1)>0«e

and under this latter condition, that equation (9) is satisfied forall ¢ < ¢ + 1. As
a proof of proposition 2 by backward induction, we thus shall prove that condi-
tion (A3) is true at period ¢ and that equation (9) is satisfied.
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We analyze separately the condition 7,(¢) = 0 forall # > ¢ + 1 and the condi-
tion 7;(¢) > 0.

Assume first that 7,(¢) = 0 for all # > ¢ + 1 so that the condition 7,(¢) > 0 is
violated for any ¢ > ¢ + 1, and therefore, by equation (A3), 8;0; < 1/k;,+». Con-
versely, if 8;0; < 1/k; s, then 7,(¢) = 0 for all ¢ > ¢ + 1 because equation (A3)
is satisfied for ¢ > ¢ + 1. Furthermore, conditions 7,(¢') = 0 imply a simple form
for the Bellman equation (3),

WiH(1)) = 8.() + log H({) + B.EWr (H({ + 1)),
and the accumulation equation (2),
log H(t' + 1) = log Hi({') — N({).

Using equation (4), where we set k;74; = k;, and the linearity of the two previous
equations leads to the condition derived by induction again,

Wi (H(1)) = 6 (f) + ki log H({) (A4)

forany ¢ > ¢ + 1 and where k;, = 1 + Bik;,+1.

Second, assume that 7,(¢) > 0. Proposition 1 can be recast in a setup in which
the last period becomes 7; = ¢ + 1 instead of T'+ 1 since there are no further
human capital investments after this date and since the value function can be
written as in equation (A4) evaluated at ¢ = ¢ + 1. This yields equation (9).
Equation (9) at period ¢is

1 Bi _ 1 _
7i(t) = Z {Pi L — B + 6 <K11+1 m)} 1} >0, (Ab)

which is equivalent to 80, > 1/k;+1.

Therefore, the equivalence stated in the proposition is true at period ¢ Fur-
thermore, equation (9) applies for any ¢ < ¢. The statement under induction
istrue at ¢ = T + 1 and is therefore true at any date ¢t € {1, ..., T'}. By conven-
tion we set 1/k;, = 0 in order to cover all cases since p; > 0.

Using the expression k;, = 1 + Bk;,+1, we obtain by induction that

1 . 1
+ grt( e —
K = 72 5, Bi (KZ 1= Bz)

_ 61‘ T—1 _ 1
= —1 ) + B; (Kz’.r, —1 — Bi)’

1 1
<Bip; < .
KiT, Kit+1

(A6)

while 7;is defined as

QED

C.  Proof of Proposition 3

First, the stock of human capital in period ¢ depends on previous investment
choices and past depreciation, that is,
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Hi(t) = Hi(1) exp Elp,»n(l) =N for2 <t

Using equation (1), we can write the logarithm of observed earnings in period
tas

Iny,(¢) = 6,(¢) + InH;(1) + CElpiTl(l) = SN() = 7:(2). (A7)

If ¢ < T, insert the structural expression for 7,(-) given by equation (9) of prop-
osition 2 into the first sum of equation (A7) to get

U _ P? a Bi T—1 _ 1 P
;pﬂl(l) = 7”:1 |:1 s + B <Ki,'1', ?6;)] ; (t—1).

Because of equation (A6), this sum is equal to

P;Z i Bi T+1-1 _ 1 _ P
ZEL—&”" ( 1—@” P

_ o; B . ﬁ o 1 "1"71 1 Pi
=T 5, (¢t—1)+ . (K, 1= ,8;)61 Zﬁl . (t—1)

i

ol B e\, Ll 1 N\ 1=/
(z.lfa, z)“ 1”?,»(& 1751)5" -1/,
_B( LB (E B s,

a Ci (KZ 1_61) 1 _Bi - (Cﬁ 1 _61' Ci)(t 1)

2 T+2
+ o Ki — ! B ;’;
Ci 1 - ﬁz 1 - 61

which writes as the sum of three factors whereas one factor is in levels, the second
one is a linear trend, and the last one is a geometric trend.
Using equation (9) and equation (A6),

1 Bi _ Pi a1+t _ 1 —
7,(t) = - (07?‘8, 1) + . Bi (Kz - Bi)ﬁl )

and rearranging expression (A7), we obtain equation (10).

If t = T;, we can derive a similar expression by using 7,(¢) = 0, but it will be of
no use in the following.

If ¢ > T;, which in our setting can apply onlyif 7; < T, investments from period
T; onward are equal to zero. Hence, for (> 2,

Hi(1)

nesp(Tom( - Sh0)

Hi(1) exp (jEllwi(l) — N — lj)\i(l)>

= H/(T) exp(—Ai(1) + A(T5)).
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This gives
Iny;(¢) = nH,(T;) + A(T;) + 6,(1) — A(2)
= Iny(T}) + vy — vir,,

which corresponds to equation (11). QED

D.  Proof of Proposition 4

Assume that consumption is smoothed over time. The new dynamic program is
written as

Jmax [log(Ci(1)) — a7i(1)*/2 + Bils, Wi (Ai(t + 1), Hi(t + 1))]

under the constraints
A(t+ 1) =1+ n(0)]A() + y(t) — C(v),
yi(1) = exp(8:(0)) H;(t) exp(—7:(1)),
Hi(t +1) = H(t) exp(pimi(1) — Ni(1)),

where A;() is the stock of assets or debt detained by individual i and ,(¢), the in-
terest rate at date .
Static first-order conditions write

W (At + 1), H(t + 1))

1 i -

B BA(1 + 1) =0

R R U
oWt (At + 1), H(1 + 1))

+ BiL,

H(t+1) =
I+ 1) pHi(t + 1) =0,

in which the second term on the second line comes from

OA(t+ 1) _oA(t+ 1) oy(t) _
o) oy an(y MO

Replacing the first in the second first-order condition yields

y:i(1) Wit (A(t + 1), H(t + 1))
T —+ = ,El ;I—Ii +1 )
If y,(t) = Ci(¢), this is condition (Al). Note that

(1) 1

Ji L

Gty 1-s(1)°

in which s;(7) is the savings rate, and denote the new marginal relative value of
human capital

W (A(L+ 1), H(t+ 1)) )

e = Iy i
funt oH,(t + 1)

(t+1) (A8)
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so that the equation above yields

1 1
(1) = — |piPiK; e
7:(1) . Pt = 7 0
This replaces equation (Ab) in the previous section if investments are positive.
We now turn to the dynamics of «;,+,. Using the envelope theorem, dynamic
conditions yield that [0W,(A:(t), H;(¢))]/0H;(t) is equal to

OE Wy (Ai(t + 1), Hi(1 + 1)) 0A:(1 + 1) OE, Wiy (Ai(1 + 1), Hi(¢1 + 1)) 0H,(t + 1)
B‘( 0A(t + 1) OH,(t) OH(t + 1) OH,(t) )
_ g (CEWina (A + 1), H(t + 1) 3(0) | OE Wi (A(t+ 1), H(t+ 1) H(t + 1)

B 3’( oA(1 + 1) H(1) oH (1 + 1) H,(1) )

O, Wy (A(t + 1), Hy(t + 1)) H(t + 1)

SHwan P BH,(t + 1) Hi(1)

Hi(t

v
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=
=
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At period ¢, this equation and equation (A8) yield

[ ow,

Ky = E _I—Ii(t) a[_[“:|
[ OWi (Ai(t + 1), Hi(1 +

gL g EOW AW D) B )
11— s:(2) OH (1t + 1)
1
=L |t Bikis1]-

1_1—5,»(1,‘) Bix 1}

This relation holds even when 7;(¢) = 0, and here again, if y,(¢) = C(t), this is
the induction relationship of the previous section, ; = 1 + B;k;.+; (with no ex-
pectation since the relationship is deterministic there). QED

E. Proof of Proposition 5

The two equations (13) and (14) simplify to

=Py By
Nie ¢ 11_6 >

(A9)
Pi hri1 1 B
5= — i i—— —1].
m= 2 (s - ) (025 1)
Taking the ratio of the second and the first equations yields
Nis T+1 1
— =8 (K,- - —)
Ni2 1-8
We derive the restriction from «; € [0, 1/(1 — )] that
’713 BT+1 :|
€ |———.0]. Al0
Ni2 [ 1- :3 ( )

Conversely, if this restriction is valid, then k; is given by
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ey 1)
1-8 Ni2 1-8

Furthermore, proposition 1 proved that investments remain positive until period
T (inclusively) if and only if Bp;x; > 1. This yields that
1 1
e T >0
Bk [1/(1 - 6)] + 6 (‘ﬂz:%/”li?)

by the above. The first equation of (A9),

P i_l _ P szK,»_KY
Ni2 ¢ 01176 K 173 il

also implies that, given that all parameters are positive,

P 1
2 > T 5 K > 0.
iz cixi(l—ﬁ K)

Conversely, assume that 7, > 0 and p; > pf. By construction, the condition
Bpik; > 1 is satisfied and investments are positive until 7. Second, define

. :&(p. 8 ,1>
l Ne2i 11_6 ’

oc 1 I )
e G g }
Opi ﬂzi(pl_ﬁ

which is positive since p,[8/(1 — )] > 1 because Bp;x; > 1 and k; < 1/(1 — B).
Both expressions prove that

pi>pi =

and write

is positive and increasing in p,. Therefore, ¢; > ¢, = c(ps, 7]2:‘)- QED

F. Dynamic Equations of Earnings and Consumption

When consumption can be smoothed, the earnings equation is no longer given
by a linear factor model. Because savings and human capital investments inter-
act, it is easier to write the earnings equation in first differences. Earnings at date
tare

log yi(t) = log Hi(t) — 7,(1) + 8(¢)
and human capital stock at date ¢ + 1 is
log H(t + 1) = log H(¢) + p;7:(t) — N(¢)
so that earnings at date { + 1 are

log yi(t + 1) = log Hi(t) + p;i(t) — Ne(t) — 7:(t + 1) + 8,(¢ + 1);
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and taking first differences to get rid of log H (),

Alogy(t+1) = (p; + 1)7i(t) — 7i(t + 1) + As;(t + 1) — N(¢).
The investment equation is derived from proposition 4:

and replacing in the difference of log earnings we get

1
T;(t) = ; |:P£6;Ku+1 -

i

1 1
Alog)’i(t +1) = ; { |:pi:8iKiz+1 - 1_7&(0} (Pi +1)

i

1

- |:piBiKit+2 - m

” + Av,(t + 1),
in which Avy,(¢ + 1) is the first difference of the random shocks in log earnings
(see proposition 6). By assumption of the proposition, we have that

E Av(t+1) =0.

Furthermore from proposition 4,

ki1 = By [m + B;Kuﬂ:l > (A11)

and we getforall t < 7T — 1

1

1
E_(Alogy(t+ 1)) = ;Elﬂ{ |:,0z/81 1 + 0:Bi(Bikir2) — 1——s(t)} (o; +1)

1
—s(t+1)

1
- |:Pi61’<n+2 - m} }

_ 1 JeBilei+ ) +1  p;+1 _
= —bt—l{ 1= s,(t T 1) 1= s,(t) + Pfﬁi(&(ﬁi + 1) l)sz},

i

in which s;(¢) is an observed variable if consumption and income are observed.

Furthermore, savings are also observed until date 7, and therefore k;., can be
expressed as a function of observables, s,(t'), t' > ¢, and parameters «,, p;, and 3,
by using equation (All):

T—t -9 1
(B) 1 si(t+ 1)

=2

+B) k|, t<T-2

Kipvg = Fiia

This delivers the first equation in proposition 6 and moment conditions when
we interact it with variables in the information set at dates before ¢ — 1.
Furthermore, the second equation is the Euler equation:

1

Izlm = B:(1 + (1))

Ci(t)’
which identifies 8, QED
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